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The solution of the second fundamental problem of the theory of elasticity is
obtained for a hyperboloid of revolution of one sheet, As an example we solve
the problem of elastic deformation under the action of a concentrated axial for-
ce situated at the center of symmetry of the hyperboloid, under the assumption
that the boundary surface is rigidly fixed,

It is proved in [1] that by using oblate spheroidal coordinates and the general-
ized Mehler-Fock integral expansion, one can obtain the solution of the funda-
mental problems of the mathematical theory of elasticity for domains bounded
by a hyperboloid of revolution of two sheets, In the present paper similar resu-
lts are obtained for the case of a hyperboaloid of revolution of one sheet by using
integral expansions with respect to spherical functions which have been consid-
ered in [2, 3], The characteristic property of these expansions is the presence
of a discrete part in the spectrum of the eigenvalues and therefore in the expan-
sion of an arbitrary function there exists a finite algebraic sum together with the
integral,

1., We consider particular solutions of the equations of the theory of elasticity [1]

rzi—iggraddivu-{-Au:O, u=iu4 jo 4+ kw (1.0

Here u is the displacement vector and u is Poisson’s ratio,
The first two solutions obtained from the equations
Ju v w

Au =0, ax"'Ej‘*’_a?”—'o (1.2)
The third solution is construicted with the help of the vector potential B
u :E—[é(i—-—p)ﬂ—grad(r- B)] 1.3)
B = B.i + B,j + Bk, AB =0

Here G is the modulus of elasticity,
To solve Eqs, (1.2),(1.3), we make use of the oblate spheroidal coordinates, which
are defined by the equations [4]
z=cchasmpPcosp,! y =cchasinfsing, z=-cshacosP (1.4)

(—o<a< oo, 0KB<By —a<lesS+ )

The totality of particular solutions of Laplace's equation which are appropriate for
the examination of boundary value problems where the boundary conditions are given
on the surface of a hyperboloid of one sheet, is of the form [5]
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9, (sh a)
P, (sh @)
@, () = Y [T P (i) - e EVETM PTTH(— )] (2 20)

P7™(cos B) [My (v) cos m@ 4~ Ny, (v) sinm@] (1.5)

Y, (2) = — Vi [T P (i) — XA PUT (iz)] (222 0)
{m=0,1,23,..)
Here the parameter v has a continuous and a discrete spectrum, while ¢,™ (z) and

+"(%) are, respectively, the even and odd combination of spherical functions with
imaginary arguments [3],

2, As it follows from (1,2), (1.3), Eq.(1.1) reduces to Laplace's equation for each
component of the vectors u and B,

The particular solutions (1, 5) of Laplace's equation admit four kinds of solutions, di-
ffering by the type of symmetry with respect to the angle ‘@ and the variable a. For the
sake of simplicity, we consider only the case of displacements w which are symmetric
with respect to the planez = 0Oand the planeg = 0.In this case, the solution of Eqs.(1,2)
can be obtained by the superposition of particular solutions of the form

uld =a (v 7 (sha) P7™H (cos B)cos (m — 1) @ (2.4)
v =—a_ (v) Y7 (sh o) PT™ 1 (cos B)sin(m — 1) @
wll = a_ (v)(v4m) (v —m + 1) 97 (sh @) P7™ (cos B) cos mg
(m=1,23, ...)
W =b (v)(v—m)(v+m+ 1) 7T (sh @) P7™ 2 (cos B) cos(m + 1) @
a(” =b, (M(v—m)(v+m+)PTT(sh o) P7™ L (cos B)sin(m+ 1)  (2.2)
w® =b_ (v) 97 (sh a) P;7™ (cos B) cos mg

To construct the solutions (2,1), (2, 2) it is necessary to make use of the recursion rela-
tions

m
g, _ 0 m 1 1
dz e o BA T V2= pruy g
do,” __mz m_ (v=m)vt+m4) 5
dzx —1'2+1q)\’ - ]/I2+1 v (2)
dy,™ _ m: o 1 me—1
dz '"—x‘-{—iw" —sz_*_il?,
W me Lot
dz _:c"‘—{—i"p Va1 P,

The components of the vector potential B are obtained by the superposition of parti-
cular solutions of the form

By = = €, (W) (v = m) (v 4 m 1) Y7 (sh &) P77 (cos B)cos e + 1) @ (2.4)
B ==—c¢, (V(V—=m)(v+m-4 1) YT+ (sh o) P7™ 1 (cos B) sin (m + 1) @
Dzem = Cm ('V) th BO(p (Sh a) Pv_m (COS B) cos m(P (m = Ov 11 2‘3 A )
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Substituting (2, 4) into (1, 3) we obtain for the components of the displacement vector
at the boundary § = fo

uty o e cos(m+1)p
o oM EE Dk, R m+1)9
—1
F 18 Yty )4 o)
wl® = (VA (M, (sha) cos m (2.5)

Ay (¥) = (3 — 4p) P71 (oS Bo) + 12 g Bo (v -+ m +2) (v — m — 1) P;™% (cos Bo)
A, (v) = tg? Bo (3 — 4p) P3™ (cos o) — tg Bo (v 4+ m + 1) (v — m) P7™ (cos Bo)
(m=0,1,2,..)
vy, =it—1f (0<{r<o0)
v=v, =me—2iel (0=0,1,2,...,0%), n*=[pam—1)] (@m=1,23,..)

Thus, the components of the displacement vectors at the boundary § = B, can be writ-
ten in the form [3]

u(l) ~ oo

g _ cos m@
= 2 {Jen @ G oo g s i) T
m=1 0 ~ sinmq

S iy G P s} T 2.6
Mm=3 n=0 — sin mo
wl) = — mgl {é‘ a, {1t} {ﬂ -+ ( ) ]!p,,_,f’ {sh a) P;’f,b {cos Ba) dt} %
X €08 m@ -+ Z { 2 ¥, 28 2t 4 — 2m) Q] o, ) (sha) P5M, (cos Bo)} cos m
m=3 n=0

(2) © e

u, 1 cos m@
g brn (%) [ 12 <m+7*) P (sha) PEY (cos Bo) d
“Sc;) mgo{é)‘ " [ 2 ] 5 ’ ) }sinmq) N
+ D { D) Brn @r 1) (2r —2m) 7L (sha) PoTL (cos ;30)} cosme 2.7
mz=]1 n=9 sin mo
w2 == 2 { j‘ by, (T) P s, (sh o) P;"_‘,,z (cos Bo) dt} cos m@ -+

m‘~=0 0

Il

n*

+ Z { 2 anqjm-zn-l (sho) P —-2n-—1 (cos 30)} cosme 2.8)
m==] n=0

o0

i { ) £ (1) [12 -+ (m 4 %)2:{ A, (V) w?;ﬁ}h (sh o) dv

=0 0

} cos mg +

sin meg

n*

+ DD Tma n 1 @m—20) Ay (4,0 W2, 0 00}

m=1 n=9 sin mg

cosme
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1 1 < (r ~ cosme
Frwyh X {[ cn @, 6h0) P, (cosBo)dv}
m=0 0 sinme
1 1 > cosmg
q: 7 tg _&— Bo 2 { 2 Tmn‘bx:;ﬂ—l (Sh a) Pm—2ﬂ-1 (COS BO)} .
m=3 n=0 simmo
wy = 2 { Y Cm () A" (V) @2y, (51 0) d-r} cos m@ +
m=0 h
+ > {2 Yonn®m_gnoy (Shat) &7 (v )}cos me
m=1 n==0
" (z)=0 (m=1,2,3,...) (2.9)

8, To solve the second fundamental problem of the theory of elasticity, we will con-
sider taking into account the particular solutions (2, 6)-(2, 8), that the displacement vec-
tor at the boundaryf = f,is given in the cylindrical system of coordinates p, ¢, z

= > A, (@)cosmg,  u, = D) B (a)sinmg
me==0 me=1
w= Z Dy, (a) cos mo 3.1)
m==0

Here Ay, () and By (@)are odd functions while D,, (x)is an even function of a. We introd-
uce the auxiliary functions

I (@) =YalA, @+ B, @], 15 (@ =214, @) — B, @] (32)
m=1,2,3,...)

The functions (3,1), (3. 2) must satisfy the condmons of the expansion theorem [3}]

150 (@) = ("‘ﬂ (1) Y2EL (sho) dr + 2 EmEL  (sha) (3.3)
0 n==0

D, (@)= Y D, (x) 9]y, (shaydv + 3 D, @n . , (sho)
° n=0

Equating (3, 1) with the solutions (2, 6) - (2, 8) at the boundary § = B, from (3, 2) we ob-
tain for the coefficientsa,, (t); oy (¥)y ¢ (T)the system of algebraic equations

o, (¥) PE31 (cos Bo) — Yac,, (%) 18 YaBoPi LTy, (c0s Bo) =150 (1) (3.4

it=Yy
e (¥ Ay (V) — b, (1) PrE (cos Bo) = T4 (x) [v2 4 (m - 327] 7!

a, (%) [T+ (m — Ya32] Pi, (cos Bo) + by, (1) P, (c0s Bo) +- ¢ (1) Ay () = Dy (5)
(m=1,23,...)

To determine the numbers amn, Bmn, Ymnwe have the system of algebraic equations
lll

P-™*1 (cos Bo) ]/ﬂ’mn tE Y2 3o pm—zn— (cos Bo) = /mn (3.9)

mn m-2n-1

Tk (Vi) = B Prlad | (cos Bo) = (2 + 4)7F (2m — 20)7 T30
o n2n(2n 41 —2m) 4 r’man—zn—l (€08 Bo) 4 7, o (V) =D

(n==1,2,3,...[fam—1)] m=3,4705,..))
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For the case n = Othe system of algebraic equations can be written in the form

Tmﬂ (vo) Bmop;::‘-l (COS B ) = me (Vﬁ g - i )

3.6
m=1,2,... ©9

Tmorm' (Vo) T BrmoPmoy (005 Bo) = Dy
4, We consider the case of the axial symmetry of the boundary conditions, In this
casem = Oand the expansions (2,6) - (2, 8) have only integral terms, In addition, by
virtue of (2, 3), the solutions (2, 1), (2. 2) cease to be linearly independent and it is nec-
essary to putay (1) = 0.From the solutions (2, 2), (2. 5) it is easy to obtain the components
of the displacement vector at the boundary B = §,

={ (o4 T @@ b PLy, bl vy, R ds )
1]

-4

= §/ Teo (9 (9) + B (7) Pie_y (003 B)] @4e.y, (sl @) e

°
Here

Ao (x) = (3 — 4p) P71, (cos o) — s tg YaPo X
9
X [P it=1y (cos Bo) ~— (72 + T) P i-tz..t/, {cos Bo}]

Ao’ () = 182 Bo (3 — 4p) Py, (c0s Bo) + tg Bo (¥2 + o) PiL;, (cos Bo)
Substituting (4, 1) into the boundary conditions (3,1) and making use of the expansion
(3.3), we obtain a system of algebraic equations for the determination of the coeffici-
ents by {x), co (7}

co () o (¥) — o (1) P71y, (cos Bo) = (¥ + 34)™* Ao (¥) {4.2)
co (¥) M’ (1) + bo (%) Pyoyy, (cosBo) = Do (v) (0T 00)

Example, We consider the elastic equilibrium of a hyperboloid of revolution of
one sheet under the action of a concentrated axial force P,situated at the center of symmeuny
and having the boundaryf = f,rigidly fixed, We divide the components of the displac-
ement vector into two terms

u, =y

® 00 ¥,

o1t W == Wy —— Wy {4.3)

Here 1, and w, are displacements created by such a force in the unbounded space [6]
23 3 — 4p p

). e=Tma=pm' A=VE+s (4
The displacements u,,, w; must satisfy Eq, (1.1) for the boundary conditions § == f,

Q chasinBashacaos B
Upp = AO (@)= e (sh? @ 4 sin® Bﬂ)'/a
Q[ shacos’Be 3—4p
=Do(@) = [(sh2 a -+ sin®Bo)’* ' (sh®a -+ sin? o) ]
To find the functionsd, (), D¢ (v)we make use of the expansion [5]

~
o 1 ¥ith e
—— e e HS 3 pi*-‘/: (0) X
e

Qpz
Ugy = JF s wo=<?('ﬁa*+"7r“

(4.5)

It~ (sh?a + sint o)™ ch* ot
X [Py, (€08 Bo) 4 Py _y (— c08 Bo}] @y, (Sha) d¥ (4.6)
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Differentiating (4. 6) with respect to the parameters @ and §, and adding the obtained
expansions with the corresponding coefficients, we obtain

o
N

Ao(a) = | (0 oty (sha) i (4.7)
o
, an T(r* - Ythar
Ao’ () = — sin 230——W—"‘ j2-17, 10) [ Pyeoy, (cO8 35 + Picy, (—cos By
D() (J. == \ L’o (T) Pizav, (qh a) ot (4.8)
!\
, a0 vthar . ,
D, (T) = —(——m— Pi‘.-”, ) {(3 —_ /ﬂl - C0S8* 3'1) X
e {Pi:-ll, {cos '30') - Pi‘.—'/ {(— cos 39)] =-
= Yasin 23 (v - ) [ PrLy c0s B)) — PTL, (— cos o))}

The displacements u_, wyat the boundary} = j,can be represented in the form of the
expansions (4,1), The coefficients b, (1) and ¢, () are determined from the system of
equations (4, 2), wherei,’ (t;andD,’ (v)are given by Egs. (4.7), (4. 8).

The author expresses his thanks to N, N, Lebedev and Ia,S. Ufliand for advice during
discussions on the paper,
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